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FREE RESOLUTIONS FOR MULTIPLE POINT SPACES
AYS¸E ALTINTAS¸ AND DAVID MOND
Abstract. Let f : (Cn, 0) → (Cn+1, 0) be a map-germ of corank 1, and, for
1 ≤ k ≤ multiplicity(f), letDk(f) be its k’th multiple-point scheme – the closure
of the set of ordered k-tuples of pairwise distinct points sharing the same image.
There are natural projections Dk+1(f)→ Dk(f), determined by forgetting one
member of the k + 1-tuple. We prove that the matrix of a presentation of
ODk+1(f) over ODk(f) appears as a certain submatrix of the matrix of a suitable
presentation of OCn over OCn+1 . This does not happen for germs of corank > 1.
1. Introduction
The multiple point spaces of a map-germ (Cn, 0)→ (Cp, 0) with n < p play an
important roˆle in the study of its geometry, as well as the topology of the image
of a stable perturbation ([14], [12], [5]).
Formally, the k’th multiple point space Dk of a finite proper map between
topological spaces is the closure of the set of k-tuples of pairwise distinct points
having the same image under the map. A closed formula for an ideal defining
Dk(f) in some smooth ambient space is in general not available. However, for
k = 2 the ideal
(1) I2 := (f × f)
∗I∆p + Fitt0(I∆n/(f × f)
∗I∆p)
where I∆n and I∆p are the ideal sheaves defining the diagonals ∆n in C
n × Cn
and ∆p in C
p × Cp, gives a scheme structure with many desirable qualities: if f
is dimensionally correct – that is, if D2(f) has the expected dimension, 2n − p,
then D2(f) is Cohen Macaulay. If moreover f is finitely determined (for left-right
equivalence), or, equivalently, has isolated instability, then provided its dimension
is greater than 0, D2(f) is reduced.
If the corank of f (the dimension of Ker df0), is equal to 1, much more is possible.
An explicit list of generators for the ideal defining Dk(f) in (Cn)k was given in [14]
and [12]. The second paper shows that a finite corank 1 map-germ f : (Cn, 0) →
(Cp, 0) is stable if and only if each Dk(f) is smooth of dimension p− k(p− n), or
empty, for all k ≥ 2. Moreover, it is finitely A-determined if and only if Dk is an
ICIS of dimension p − k(p − n) or empty for those k with p− k(p − n) ≥ 0, and
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Dk consists at most of only the origin if p − k(p − n) < 0 (see, e.g., [11], [5] for
other results).
Any map-germ of corank 1 can be written with respect to suitable coordinates,
in the form
(2) f(x, y) =
(
x, fn(x, y), . . . , fp(x, y)
)
.
where x := x1, . . . , xn−1 and y together make a coordinate system on C
n. Provided
f is finite, it follows that the local algebra Q(f) := OCn,0/f
∗
mCp,0 is isomorphic to
C[y]/(yr+1), where r+1 is the multiplicity of f , and OCn,0 is minimally generated
over OCn+1,0 by 1, y, . . . , y
r. The main result of this paper relates a presentation of
OCn as OCn+1-module via f to presentations of ODk+1(f) as ODk(f)-module via the
projection πk+1k : D
k+1(f) → Dk(f) which forgets the last component. Denote by
f (k) the natural map Dk(f)→ Cn+1 induced by f .
Main Theorem. Suppose that f : (Cn, 0) → (Cn+1, 0) is a finite and generically
one-to-one map-germ of corank 1 for which Dk(f) has dimension n − k + 1 or
is empty, and that y ∈ OCn,0 is a germ such that 1, y, . . . , y
r generate OCn,0 over
OCn+1,0. If
0→ Or+1
Cn+1,0
Λ
−→ Or+1
Cn+1,0
G
−→ OCn,0 → 0
is a minimal resolution of OCn,0 with Λ symmetric and G =
[
1 y · · · yr
]
,
then for any k = 1, . . . ,min(r, n), there is an exact sequence
(3) 0→ Or−k+1
Dk(f),0
f(k)∗(Λk
k
)
−−−−−→ Or−k+1
Dk(f),0
→ ODk+1(f),0 → 0
in which Λkk is the matrix obtained from Λ by deleting the first k rows and columns.
We will prove this theorem in Section 3.1.
In [9, Prop. 3.2], Kleiman, Lipman and Ulrich proved that for a finite map
F : X → Y of locally Noetherian schemes of dimensions n and n+ 1,
(4) OD2(F ) ∼= Ker (µ : OX ⊗OY OX → OX)
as OX-modules, (under some additional hypotheses: F is of corank 1, flat dimen-
sion 1, and Y satisfies Serre’s condition (S2) [2, Theorem 11.5 (i)]). Here µ is the
multiplication map a⊗ b 7→ ab. Moreover,
(5) Fitti(F
∗F∗OX) = Fitti−1((π
2
1)∗OD2(F ))
for all i ≥ 1 ([9, Lemma 3.9]). This equality, for a finite and generically one-to-
one map-germ of corank 1 from Cn to Cn+1, is an easy consequence of our main
theorem.
In Proposition 4.1 we prove that for a finite and generically one-to-one map-germ
f : (Cn, 0)→ (Cn+1, 0) of any corank, ker(µ) has resolution
(6) 0 −−−→ Or
Cn,0
f∗Λ11−−−→ Or
Cn,0 −−−→ Ker(µ) −−−→ 0
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This, together with the main theorem, provides an alternative proof of (4) for
generically one-to-one map-germs of corank 1 in dimensions (n, n + 1).
In the corank ≥ 2 case, Ker(µ) and OD2(f) are no longer isomorphic. This
is evident from the fact that Ker(µ) is a Gorenstein OCn,0-algebra, for it has a
presentation given by a symmetric matrix ([10, Theorem 2.3]), whereas OD2(f) is
not Gorenstein. However, there exists a map between the resolutions of OD2(f)
and OCn,0 ⊗O
Cn+1 ,0
OCn,0 over OCn,0 (see Appendix A). Examples suggests that a
comparison of the form (5) should hold for i = 1, 2 in the case of map-germs of
corank ≥ 2 that are generically one-to-one (see Example 3.6). In [1], we proved
that Fitt1(f
∗f∗OCn,0) = Fitt0((π
2
1)∗OD2(f)) for finitely A-determined corank ≥ 2
map-germs in E03,4. However, it is still an open problem for the general case.
This work is based on a part of the first author’s PhD thesis submitted at the
University of Warwick in 2011. She thanks the university for the financial support
for during her stay and the department of Mathematics for the warm welcome.
2. Background
2.1. A-equivalence. Let E0n,p denote the space of holomorphic map-germs from
(Cn, 0) to (Cp, 0). The groupA := Diff(Cn, 0)×Diff(Cp, 0) of local diffeomorphisms
acts on E0n,p by (φ, ψ) · f = ψ ◦ f ◦ φ
−1. A map-germ is A-stable if any of its
unfoldings is parametrised-equivalent to a trivial unfolding of the form f × 1. A
map-germ f ∈ E0n,p is ℓ-A-determined if every g ∈ E
0
n,p with the same ℓ-jet as f is
A-equivalent to f . Furthermore, f is finitely A-determined, or A-finite, if it is ℓ-A-
determined for some ℓ <∞. By fundamental results of Mather, finite determinacy
is equivalent to the finite dimensionality of T 1Aef := f
∗(θCp)/tf(θCn) + f
−1(θCp),
and thus (if f is not stable) to 0 ∈ Cp being an isolated point of instability of f .
2.2. Multiple point spaces. Given a map f : X → Y , we set
(7) ◦Dk(f) = {(x1, . . . , xk) ∈ X
k|f(x1) = · · · = f(xk), xi 6= xj if i 6= j}
and define the k’th multiple point space of f , Dk(f), by
(8) Dk(f) = closure ◦Dk(f)
(where the closure in taken in Xk) provided ◦Dk(f) is not empty. We extend this
definition to germs of maps by taking the limit over representatives; if f ∈ E0n,p
is finite, the local conical structure guarantees that we obtain in this way a well
defined germ at 0 ∈ (Cn)k. We will shortly endow Dk(f) with an analytic structure
in case f is a germ of corank 1. This structure will be compatible with unfolding,
and this will lead to a definition of Dk(f) even in cases where ◦Dk(f) is empty. For
convenience of notation we sometimes writeD1(f) := (Cn, 0) andD0(f) := (Cp, 0).
For any germ f of the form (2), Dk(f) can obviously be embedded (as a set)
in (Cn−1 × Ck, 0); we give it an analytic structure by means of the ideal Ik(f)
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generated over OCn−1×Ck,0 by (k − 1)(p− n+ 1) functions R
j
i , for i = 1, . . . , k − 1
and j = n, . . . , p, which are defined iteratively by
Rj1(x, y1, y2) =
fj(x, y2)− fj(x, y1)
y2 − y1
and
Rji (x, y1, . . . , yi+1) =
Rji−1(x, y1, . . . , yi−1, yi+1)−R
j
i−1(x, y1, . . . , yi−1, yi)
yi+1 − yi
.
(9)
There is a natural action of Sk onD
k(f) which permutes the coordinates y1, . . . , yk.
See [14, Proposition 3.6] for a set of Sk-invariant generators for Ik(f).
Only in the case where it is 0-dimensional does the set defined by this ideal
differ from the set defined by (8); the latter is evidently empty in this case.
For a stable map-germ, Ik(f) is reduced ([12, Proposition 2.14]) for all k. In
[12, Proposition 2.16] it is shown that the following definition, which also deals
with the case where Dk(f) is zero-dimensional, is compatible with the definition
in terms of the ideal Ik(f) described above in case dim D
k(f) > 0.
Definition 2.1 (Proposition 2.5 [8], cf. [3]). Let f ∈ E0n,p be a finite map-germ
of corank 1. Let F : (Cn × Cd, 0) → (Cp × Cd, 0) be a stable unfolding of f , with
F (x, y,u) := (F˜u(x, y),u) and F˜0(x, y) = f(x, y). Then we set
(10) Dk(f) = Dk(F ) ∩ {u1 = 0, . . . , uk = 0}
where u1, . . . , uk are the unfolding parameters, and D
k(F ) is given its reduced
structure.
It is straightforward to check that this is independent of the choice of stable
unfolding, and is compatible with unfolding in the sense that for any germ of
unfolding F : (Cn × Cd, 0)→ (Cp × Cd, 0) of f , the diagram
(11) Dk(f), 0

// Dk(F ), 0

{0} // Cd, 0
in which the vertical arrows are projections to the base and the horizontal arrows
are inclusions, is a fibre square.
For a finite f ∈ E0n,p, the k’th multiple point space on the target is the set
Mk(f) = {y ∈ (C
p, 0) | |f−1(y)| ≥ k}
(where preimages are counted with multiplicity) with analytic structure defined
by the (k − 1)’st Fitting ideal Fittk−1(f∗OCn,0).
For k > ℓ we defineDkℓ (f) to be the image inD
k(f) ofDℓ(f) under the composite
πℓ+1ℓ ◦ · · · ◦ π
k
k−1. Then we have set-theoretic equalities f
(k)(Dk(f)) = Mk(f) and
f−1Mk(f) = D
k
1(f) for all k ≥ 1.
We denote by q(f) the multiplicity of f , q(f) := dimCQ(f).
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If f ∈ E0n,n+1 is finite and Q(f) has C-basis g0 = 1, g1, . . . , gr, then there is an
induced resolution of OCn,0 over OCn+1,0 of length 1 of the form
0→ Or+1
Cn+1,0
Λ
−→ Or+1
Cn+1,0
G
−→ OCn,0 → 0
where G :=
[
1 g1 . . . gr
]
and Λ is an (r + 1) × (r + 1)-matrix with entries
λij ∈ OCn+1,0 for i, j = 0, . . . , r. Moreover, Λ can be chosen to be symmetric ([16]).
In this setup, Fittk−1(f∗OCn,0) is the ideal of (r− k+1)× (r− k+1)-minors of Λ.
Proposition 2.2. Let f ∈ E0n,p be a finite analytic map-germ of corank 1. Then
Dk(f) = ∅ for k > q(f), and q(πkk−1) = q(f)− k + 1 for k = 1, . . . , q(f).
Proof. Suppose f is written in the form (2). Then
Q(πkk−1)
∼=
OCn−1×Ck,0
Ik(f) + (x, y1, . . . , yk−1)
.
Since Rji belongs to (x, y1, . . . , yi+1)OCn−1×Ck+1,0 for 1 ≤ i ≤ k − 1 and n ≤ j ≤ p,
Ik(f) + (x, y1, . . . , yk−1) =(R
n
k−1(0, . . . , 0, yk), . . . , R
p
k−1(0, . . . , 0, yk))+
+ (x, y1, . . . , yk−1).
By an induction, we find Rjs(0, . . . , 0, yk) = fj(0, yk)/y
s
k. Now the result follows
from a straightforward calculation. 
For a finite map-germ of any corank, πkk−1 is clearly finite if D
k(f) and Dk−1(f)
are given their reduced structure. However the relation between these multiplicities
is less straightforward than in 2.2 if the corank is not 1.
Proposition 2.3. Let f ∈ E0n,p be a finite map-germ of corank ≥ 2. Then
q(π21) ≤ q(f).
Proof. Consider (1). Denoting the Fitting ideal in the denominator simply by
Fitt0, we have
Q(π21)
∼=
OCn×Cn,0
(f1(x1)− f1(x2), . . . , fp(x1)− fp(x2)) + Fitt0 + (x1)
∼=
OCn,0
(f1(x2), . . . , fp(x2)) + Fitt0|x1=0
This is a quotient of Q(f). 
Example 2.4. For the stable map-germ
h : (u, y, z) 7→ (u, y2 + u1z, z
2 + u2y, u3yz + u4y + u5z),
we have Q(h) = C · {1, y, z, yz} and Q(π21(h)) = C · {1, y2, z2}.
Example 2.5. For the stable map-germ
h˜ : (u, y, z) 7→ (u, y3 + u1z + u2y, yz + u3z, z
2 + u4y + u5y
2 + u6z)
we find Q(h˜) = C · {1, y, y2, z} and Q(π21(h˜)) = C · {1, y2, y
2
2, z2}.
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2.3. Pull-backs of map-germs. By Mather’s results ([13]), if f ∈ E0n,p is finite
then there exists a stable germ F : (CN , 0) → (CP , 0) and a germ of immersion
g : (Cp, 0) → (CP , 0) with g transverse to F , such that f is obtained as a fibre
product
(CN , 0)
F
// (CP , 0)
(Cn, 0) ∼= (CN ×CP C
p, 0)
i
OO
f
// (Cp, 0)
g
OO
and P − N = p − n. Naturally, OCN×
CP
Cp,(0,0)
∼= OCN ,0⊗ˆO
CP ,0
OCp,0. In fact, we
have OCN×
CP
Cp,(0,0)
∼= OCN ,0 ⊗O
CP ,0
OCp,0 since g is finite ([6, Lemma 1.89]).
We note that
Fittj(f∗OCn,0) = g
∗Fittj(F∗OCN ,0)
since Fitting ideals commute with base change ([18, §1]). Indeed we have
Proposition 2.6. Suppose X is a germ of dimension n. Let f : X → (Cn+1, 0) be
a pull-back of a finite F ∈ E0N,N+1 by g ∈ E
0
n+1,N+1. If
0→ Or+1
CN+1,0
Λ
−→ Or+1
CN+1,0
→ OCN ,0 → 0
is minimal so is
0→ Or+1
Cn+1,0
g∗Λ
−−→ Or+1
Cn+1,0 → OX → 0.
Proof. This is an easy consequence of the right exactness of tensor products and
the fact that det(g∗Λ) is identically 0 only if im(g) ⊆ im(F ), which contradicts
the assumption on the dimension of X . 
2.4. Principle of iteration. The setup of multiple point spaces allows us to
define certain iterations involving the projections πkk−1 and the map-germ itself.
First, there is a natural bijection
φ : Ds(πkk−1(f)) → D
k+s−1(f)(
(x11, . . . ,x
1
k), . . . , (x
s
1, . . . ,x
s
k)
)
7→
(
(x11, . . . ,x
1
k−1,x
1
k), . . . , (x
1
1, . . . ,x
1
k−1,x
s
k)
)
with xij ∈ C
n for all i, j ([5, Remark 2.7 (iii)]). Recall that if f is stable of corank
1 then Dk(f) is smooth (or empty) for all k. Moreover, πkk−1 is also stable and of
corank 1 for all k ([4]). So, φ induces
(12) ODs(πk
k−1(f))
∼= ODk+s−1(f).
The isomorphism (12) can be extended to finite map-germs of corank 1. First
we note,
Lemma 2.7. Let f ∈ E0n,p be a finite map-germ of corank 1. Let F ∈ E
0
n+d,p+d be
a parametrised unfolding of f . Then πkk−1(F ) is an unfolding of π
k
k−1(f).
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Proof. By definition,
ODk(f) ∼= ODk(F )/mCd,0.
Moreover, an unfolding is a level-preserving map-germ whose restriction to the zero
fibre is the original map-germ ([15, Section 1]). The result is now straightforward.

Proposition 2.8. Let f ∈ E0n,p be a finite map-germ of corank 1. Then ODs(πkk−1)
∼=
ODk+s−1(f).
Proof. Let F ∈ E0n+d,p+d be a parametrised unfolding of f . Combine the result of
Lemma 2.7 with (12) to get
ODs(πk
k−1(f))
∼= ODs(πk
k−1(F ))
/mCd,0 ∼= ODk+s−1(f).

3. Presenting ODk+1(f) over ODk(f).
Throughout the first part of this section we suppose that f : (Cn, 0)→ (Cn+1, 0)
is stable of corank 1 and multiplicity r + 1. Writing f with respect to linearly
adapted coordinates, for each k we embed Dk(f) into Cn−1 × Ck, as explained in
Subsection 2.2. On Cn−1×Ck we take coordinates x1, . . . , xn−1, y1, . . . , yk, or simply
x, y1, . . . , yk. Finally, we assume given a symmetric matrix Λ = (λij) presenting
OCn over OCn+1 with respect to generators 1, y, . . . , y
r.
Now let Λkk be the matrix Λ with its first k rows and columns deleted, and let
Λk be the matrix Λ with its first k rows, but not columns, deleted. We will see
that for each k, Λkk is the matrix of a presentation of ODk+1(f) over ODk(f), with
respect to generators obtained from 1, y, . . . , yr by a procedure involving iterated
interpolation and division. Before giving the proof for all k, we show it in the case
k = 1.
From each relation
(13) λ0i (f(x, y)) + λ
1
i (f(x, y))y + · · ·+ λ
r
i (f(x, y))y
r = 0
we obtain
(14) λ0i (f(x, y2)) + λ
1
i (f(x, y2))y2 + · · ·+ λ
r
i (f(x, y2))y
r
2 = 0
and also, if (x, y1, y2) ∈ D
2(f), so that f(x, y1) = f(x, y2),
(15) λ0i (f(x, y1)) + λ
1
i (f(x, y1))y2 + · · ·+ λ
r
i (f(x, y1))y
r
2 = 0.
Subtracting (15) from (14), we get
λ1i (f(x, y1))(y1 − y2) + λ
2
i (f(x, y1))(y
2
1 − y
2
2) + · · ·+ λ
r
i (x, y1))(y
r
1 − y
r
2) = 0.
Dividing by y1 − y2, which is not a zero-divisor on D
2(f) since the intersection of
D2(f) with {y1 = y2} is the non-immersive locus, which has dimension n− 2, less
than the dimension of D2(f), we get
(16) λ1i (f(x, y1))+λ
2
i (f(x, y1))(y1+y2)+ · · ·+λ
r
i (f(x, y1))(y
r−1
1 + · · ·+y
r−1
2 ) = 0.
8 AYS¸E ALTINTAS¸ AND DAVID MOND
Thus the columns of f ∗Λ1, are relations among the set
(17) 1, y1 + y2, y
2
1 + y1y2 + y
2
2, . . . , y
r−1
1 + · · ·+ y
r−1
2
of elements of OD2(f). These generate OD2(f) over OCn , minimally, by 2.2. In fact
the relation given by the first column of f ∗Λ1 is a linear combination overOCn of the
rest: by the symmetry of f ∗Λ, from (1, y, . . . , yr)(Λ◦f) = 0, (Λ◦f)(1, y, . . . , yr)t =
0 and therefore
(18) (Λ ◦ f ◦ π21)(1, y, . . . , y
r)t ◦ π21 = 0.
This last argument is not needed in the proof which now follows, but perhaps helps
to explain the result.
Lemma 3.1. f ∗Λ11 is a presentation of OD2(f) over OCn.
Proof. Consider the diagram
(19) 0 // OrCn
A
// Or
Cn
// OD2(F ) // 0
0 // OrCn
f∗Λ11
//
α1
OO
Or
Cn
//
α0
OO
coker f ∗Λ11
//
α
OO
0
in which
• A is a presentation of OD2(f) with respect to the generators (17), which we
may assume square, and which is certainly minimal;
• α, sending the class of the i’th generator of Or
Cn
to the i’th member of the
set (17), is an epimorphism by virtue of the fact that the members of (17)
generate OD2(f),
• α0 and α1 are successive lifts of α,
Because α is an epimorphism, so is α0, and its injectivity follows. Up to multiplica-
tion by a unit, detA = det f ∗Λ11. For det f
∗Λ11 generates the conductor of OCn into
Of(Cn), by [16, Theorem 3.4 and Lemma 3.3]; on the other hand, det A generates
the conductor because it defines the image of π21, with reduced structure since π
2
1
is generically one-to-one. Now since detα0 is a unit, it follows by commutativity
of the diagram that detα1 is also a unit. Thus α is an isomorphism and f
∗Λ11 is a
presentation of OD2(f). 
We now go on to prove inductively that for each k with 2 ≤ k ≤ r, f ∗Λkk is the
matrix of a presentation of ODk+1(f) over ODk(f). At the induction step we produce
a set of generators for ODk+1(f) over ODk(f), from the generators for ODk(f) over
ODk−1(f), by the same procedure – interpolation and division – with which we
obtained the set (17).
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New generators: We apply this procedure to the set (17): for each member
g
(2)
i except the first (where it would give 0), we form the quotient
(20) g
(3)
i−1 :=
g
(2)
i (x, y1, y2)− g
(2)
i (x, y1, y3)
y2 − y3
,
by this means obtaining the set
(21) 1, y1 + y2 + y3, . . . ,
yr1−y
r
2
y1−y2
−
yr1−y
r
3
y1−y3
y2 − y3
.
Note that the cardinality has decreased by 1.
Lemma 3.2. The set g
(k)
0 , . . . , g
(k)
r−k+1 obtained by iterating this procedure k − 1
times, is a minimal generating set for ODk(f) over ODk−1(f). Moreover, for each
i, g
(k−1)
i is a sum of all monomials of degree i in y1, . . . , yk−1, and in particular
g
(k−1)
0 = 1.
Proof. The second statement is easily proved by induction. The first statement
follows: in ODk(f) we have
SpC{g
(k)
0 , . . . , g
(k)
r−k+1}+ (π
k
k−1)
∗
mDk−1(f),0 = SpC{g
(k)
0 , . . . , g
(k)
r−k+1}+ (x, y1, . . . , yk−1)
= SpC{1, yk, . . . , y
r−k+1
k }+ (x, y1, . . . , yk−1)
= ODk(f)(22)

Lemma 3.3. Each relation
(23) µ0g
(k)
0 + µ1g
(k)
1 + · · ·+ µr−k+1g
(k)
r−k+1 = 0
with the µi ∈ ODk−1(f) gives rise to a relation
(24) µ1g
(k+1)
0 + · · ·+ µr−k+1g
(k+1)
k−r = 0
among the generators of ODk+1(f) over ODk(f).
Proof. The procedure is exactly what we described in equations (13) through (16).
If (x, y1, . . . , yk+1) ∈ D
k+1(f) then subtracting (23), evaluated at (x, y1, . . . , yk−1, yk+1),
from its evaluation at (x, y1, . . . , yk), we kill the first term. Note that the values of
the µi do not change, since π
k
k−1(x, y1, . . . , yk−1, yk+1) = π
k
k−1(x, y1, . . . , yk). Now
dividing by yk − yk+1, we obtain (24). 
Theorem 3.4. f ∗Λkk is a presentation of ODk+1(f) over ODk(f) with respect to the
generators g
(k+1)
0 , . . . , g
(k+1)
r−k for all k ≤ min(r, n).
Proof. Induction on k. Once again, the induction step follows the proof of the
case k = 2. Assume k ≤ min(r, n) so that dim Dk+1(f) ≥ 0 and Λk−1k−1 has size
≥ 1. Suppose inductively that f ∗Λk−1k−1 is a presentation of ODk(f) over ODk−1(f).
Since ODk+1(f) is a graded module – D
k+1(f) is smooth – we may assume that
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this presentation is given with respect to the generators g
(k)
0 , . . . , g
(k)
r−k+1. Then by
Lemmas 3.2 and 3.3, f (k)∗Λkk presents an ODk(f)-module which maps epimorphi-
cally to ODk+1(f). Let A be a square, minimal presentation of ODk+1(f) with respect
to g
(k+1)
0 , . . . , g
(k+1)
r−k . The argument of the proof of 3.1, applied to the analogous
diagram
(25) 0 // O
r−k
Dk(f)
A
// Or−k
Dk(F )
// ODk+1(f) // 0
0 // O
r−k
Dk(f)
Λk
k
//
α1
OO
Or−k
Dk(f)
//
α0
OO
coker Λkk
//
α
OO
0 ,
proves that f (k)∗Λkk is a presentation of ODk+1(f) over ODk(f). In fact, f
(k)∗Λkk =
f ∗Λkk since π
k
k−1(f) is only a projection onto the first (k − 1) components. 
3.1. Proof of the main theorem. Assume that q(f) = r+1. Let F ∈ E0n+d,n+d+1
be a parametrised stable unfolding of f . Then, πk+1k (F ) is an unfolding of π
k+1
k (f)
and
(26) Dk+1(f) ∼= Dk+1(F )×Dk(F ) D
k(f).
By an induction on k and the principal of iteration, we deduce that πk+1k (f) is also
generically one-to-one and that Dk+1(f) has the expected dimension, n − k. By
Theorem 3.4, F ∗Λkk presents ODk+1(F ) over ODk(F ) for all k ≤ min(r, n). Hence,
Proposition 2.6, applied to πk+1k (f), shows that
(27) 0 // O
r−k+1
Dk(f)
(F ∗Λk
k
)|u=0
// Or−k+1
Dk(f)
// ODk+1(f) // 0.
is exact. Since Λ|u=0 is a presentation of OCn,0 over OCn+1,0, the main result
follows. 
Consequently,
Corollary 3.5 (cf. Lemma 3.9, [9]). Let f ∈ E0n,n+1 be finite and generically one-
to-one map-germ of corank 1. Then
(28) Fitti(f
∗f∗OCn,0) = Fitti−1((π
2
1)∗OD2(f))
for i ≥ 1.
The following examples show that for map-germs of corank ≥ 2, in general (28)
holds only for i = 1, 2.
Example 3.6. For the stable map-germ of Example 2.4, one calculates that
Fitti(h
∗h∗OC7,0) = Fitti−1((π
2
1(h))∗OD2(h))
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for i = 1, 2, but
Fittj(h
∗h∗OCn,0) 6= Fittj−1((π
2
1(h))∗OD2(h))
for j = 3, 4. The same equalities, and inequalities, hold for the map-germ h˜ of
Example 2.5.
Another corollary to the main theorem is the following.
Corollary 3.7. With the hypotheses of the main theorem, if f is stable, then
(29) S := {det(f ∗Λk−1k−1) · det(f
∗Λkk) = 0}
is a free divisor in Dk(f) for k = 1, . . . ,min(r, n) (where we take Λ00 = Λ).
Proof. This is trivial for k = 1: S = (Cn, 0). Assume that 2 ≤ k ≤ min(r, n).
Then, ODk+1(f) is presented over ODk(f) by f
∗Λkk. Since f is stable, π
k+1
k is also
stable of corank 1. Therefore, the statement follows by [17, Theorem 1.2] which
states that if F : (Cr, 0) → (Cr+1, 0) is stable and of corank 1, and if Λ is a
symmetric presentation of F∗OCr with respect to generating set 1, g1, . . . , gs, then
det Λ · det Λ11 defines a free divisor in C
r+1. 
Remark 3.8. With the hypotheses of the main theorem, the ideal
(30)
(
det f ∗Λ11, det f
∗Λ22, . . . , det f
∗Λk−1k−1
)
gives Dk1(f) the structure of a (possibly non-reduced) complete intersection.
Remark 3.9. It is slightly unexpected that, as the main theorem shows, for a
corank 1 germ there is a presentation of ODk+1(f) over ODk(f) whose entries are the
pull-backs to Dk(f) of functions on the target of f . For the simplest map-germ of
corank 2,
f(a, b, c, d, x, y) = (a, b, c, d, x2 + ay, xy + bx+ cy, y2 + dx)
this cannot be the case even for a presentation of OD2(f) over OD1(f). For, as an
easy calculation shows, the Fitting ideal Fitt3((π
2
1)∗OD2(f)) is contained in mC6,0
but not contained in f ∗(mC7,0).
4. A different interpretation of D21(f)
In this section, we identify Λ11 as the matrix of a presentation of the kernel of
the multiplication map µ : OCn,0 ⊗O
Cn+1 ,0
OCn,0 → OCn,0, for a finite map-germ
f ∈ E0n,n+1. Suppose that Q(f) = C · {1, g1, . . . , gr}. Then OCn,0 = OCn+1,0 ·
{1, g1, . . . , gr}. Moreover, Ker(µ) = OCn,0 · {g1 ⊗ 1− 1⊗ g1, . . . , gr ⊗ 1− 1⊗ gr}.
Proposition 4.1. Let f ∈ E0n,n+1 be finite and generically one-to-one. Suppose
that
(31) 0 // O
r+1
Cn+1,0
Λ
// Or+1
Cn+1,0
G
// OCn,0 // 0
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is a presentation in which Λ is symmetric and the first element of the generating
set G is equal to 1. Then the following sequence is exact:
0 // O
r
Cn,0
f∗Λ11
// Or
Cn,0
∆G
// Ker(µ) // 0
where ∆G is defined by eˆi 7→ gi ⊗ 1− 1⊗ gi for i = 1, . . . , r.
Proof. We tensor (31) on the right by OCn,0 over OCn+1,0 to get
Or+1
Cn,0
f∗Λ
−−→ Or+1
Cn,0
G′
−→ OCn,0 ⊗O
Cn+1,0
OCn,0 → 0
where G′ : ei 7→ gi−1⊗1. By the exactness of (31) and the fact that Λ is symmetric,
0 = (G · Λ)t = Λ ·Gt. So, Gt : OCn,0 → O
r+1
Cn,0 is a map into the kernel of f
∗Λ. We
claim that im(Gt) = Ker(f ∗Λ). To see this, suppose that B =
[
b0 b1 . . . br
]t
lies in Ker f ∗Λ, for some b0, . . . , br ∈ OCn,0. Then
0 = f ∗Λ ·
(


b0
b1
. . .
br

− b0


1
g1
...
gr

) = f ∗Λ ·


0
b1 − b0g1
...
br − b0gr

 .
and in particular f ∗(Λ11)(b1−b0g1, . . . , b2−b0gr)
t = 0. However, det f ∗Λ11 generates
f ∗(Fitt1(f∗OCn,0)) and is thus a defining equation of D
2
1(f) (see e.g. [16, Theorem
3.4 and Lemma 3.3]). Since D21(f) has codimension 1 in D
1(f), det f ∗Λ11 is not
identically zero, and this forces bi = b0gi for i = 1, . . . , r.
Obviously, Gt is one-to-one. Thus, we have the exact sequence
0 // OCn,0
Gt
// Or+1
Cn,0
f∗Λ
// Or+1
Cn,0
G′
// OCn,0 ⊗O
Cn+1,0
OCn,0 // 0.
The fact that f ∗λ·Gt = 0 means that the first column of f ∗λ is a linear combination
of the remaining columns (recall that the first member of the set of generators,
and thus the first entry in the column matrix Gt, is equal to 1). Thus we obtain
the exact sequence
(32) 0 // OCn,0
β
// Or+1
Cn,0
α
// Or+1
Cn,0
G′′
// OCn,0 ⊗O
Cn+1,0
OCn,0 // 0
with
α =


0 0 . . . 0
0
... f ∗Λ11
0

 , β =


1
0
...
0

 , G′′ : ei 7→
{
1⊗ 1 if i = 0,
gi ⊗ 1− 1⊗ gi if i = 1, . . . , r
.
We minimalise (32) to the exact sequence
(33) 0→ Or
Cn,0
α1−→ Or+1
Cn,0
G′′
−→ OCn,0 ⊗O
Cn+1,0
OCn,0 → 0
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where α1 is the matrix obtained from α by deleting the first column. Since Ker(µ)
is generated by {gi⊗1−1⊗gi | i = 1, . . . , r}, OCn,0⊗O
Cn+1,0
OCn,0 ∼= OCn,0⊕Ker(µ).
Hence, f ∗Λ11 gives a presentation of Ker(µ). 
Appendix A. Lifting of presentations
Consider the set
IDk(f) := {(x1, . . . , xk) ∈ (C
n)k | f(x1) = · · · = f(xk)}
which was referred to as idiot’s multiple point space by Houston ([7]). Notice that
Dk(f) and IDk(f) agree outside the diagonal of (Cn)k, and Dk(f) ⊂ IDk(f). In
particular, ID2(f) is the fibre product (Cn×Cn+1C
n, 0) defined by the commutative
diagram
(Cn, 0)
f
// (Cn+1, 0)
(Cn ×Cn+1 C
n, 0)
pr1
OO
pr2
// (Cn, 0)
f
OO
where pr1 (resp. pr2) is the projection to the first (resp. the second) factor. The
module OID2(f) ∼= OCn,0 ⊗O
Cn+1,0
OCn,0 has two OCn,0-module structures induced
from pr1 and pr2. A resolution of OID2(f) is given by (33) and OID2(f) ∼= OCn,0 ⊕
Ker(µ).
Remark A.1. If f has corank 1, Ker(µ) ∼= OD2(f) by Proposition 4.1 and the
main theorem (cf. [9, Prop. 3.2]). We can form an isomorphism explicitly: define
T : Ker(µ)→ (y2 − y1)OD2(f) → OD2(f)
y ⊗ 1− 1⊗ y 7→ y2 − y1
h 7→ h(y2 − y1)
−1
and its inverse
T−1 : OD2(f) → (y2 − y1)OD2(f) → Ker(µ)
h 7→ (y2 − y1)h
y2 − y1 7→ y ⊗ 1− 1⊗ y.
So, OID2 → OD2 is the composition of OCn,0 ⊕Ker(µ)→ Ker(µ) and T .
If f has corank ≥ 2 there is no isomorphism between Ker(µ) and OD2(f). How-
ever, we can still compare the resolutions of OID2 and OD2 .
Remark A.2. Let f ∈ E0n,n+1 be of corank ≥ 2 with Q(f) = C · {1, g1, . . . , gr}.
Suppose that q(f) = q(π21). Let Λ be the matrix of a presentation of f∗OCn
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with respect to generators 1, g1, . . . , gr, and let Λ1 denote Λ with its first column
removed. We may take Q(π21) = C · {1, g1(x2), . . . , gr(x2)}. Then
0 // O
r
Cn,0
f∗Λ1
//
B

Or+1
Cn,0
G′
// OID2 //
Tˆ

0
0 // O
r+1
Cn,0
// Or+1
Cn,0
M
// OD2(f) // 0
is a commutative diagram with Tˆ : gi⊗1 7→ gi(x2), M =
[
1 g1(x2) · · · gr(x2)
]
,
G′ =
[
1⊗ 1 g1 ⊗ 1− 1⊗ g1 · · · gr ⊗ 1− 1⊗ gr
]
and B the lift of the identity.
Remark A.3. Let f ∈ E0n,n+1 be of corank ≥ 2 with Q(f) = C · {1, g1, . . . , gr}.
Suppose that q(f) ≥ q(π21). We may assume thatQ(π
2
1) = C·{1, g1(x2), . . . , gs(x2)}
(s ≤ r). Then there exist aij ∈ OCn,0, i, j = 0, . . . , s, satisfying
gs+i(x2) = ai0(x1) +
s∑
j=1
aij(x1) · gj(x2)
for all i = 0, . . . , r − 1. So,
0 // O
r
Cn,0
f∗Λ1
//
B

Or+1
Cn,0
G′
//
A

OID2 //
Tˆ

0
0 // O
s
Cn,0
// Os
Cn,0
M
// OD2(f) // 0
is a commutative diagram with Tˆ : gi⊗1 7→ gi(x2), M =
[
1 g1(x2) · · · gs(x2)
]
,
G′ =
[
1⊗ 1 g1 ⊗ 1− 1⊗ g1 · · · gr ⊗ 1− 1⊗ gr
]
, A =

 Idr×r (aij)

 and B
the lift of A.
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